Permutation orbifolds of Virasoro vertex algebras and $W$-algebras by Milas, Antun et al.
ar
X
iv
:2
00
5.
08
39
8v
1 
 [m
ath
.Q
A]
  1
7 M
ay
 20
20
PERMUTATION ORBIFOLDS OF VIRASORO VERTEX ALGEBRAS
AND W -ALGEBRAS
ANTUN MILAS, MICHAEL PENN, CHRISTOPHER SADOWSKI
Abstract. We study permutation orbifolds of the 2-fold and 3-fold tensor product for
the Virasoro vertex algebra Vc of central charge c. In particular, we show that for all but
finitely many central charges
(
V
⊗3
c
)Z3
is a W -algebra of type (2, 4, 5, 63, 7, 83, 93, 102).
We also study orbifolds of their simple quotients and obtain new realizations of certain
rational affineW -algebras associated to a principal nilpotent element. Further analysis of
permutation orbifolds of the celebrated (2, 5)-minimal vertex algebra L
− 22
5
is presented.
1. Introduction
For any vertex operator algebra V , the n-fold tensor product V ⊗n = V ⊗ · · · ⊗ V has
a natural vertex operator algebra structure. The symmetric group Sn acts on V
⊗n by
permuting tensor factors and thus Sn ⊂ Aut(V ⊗n). The Sn-invariants subalgebra of V ⊗n,
denoted by (V ⊗n)Sn is called the symmetric orbifold of V ⊗n. For any n-cycle σ ∈ Sn we let
(V ⊗n)Zn denote the invariant subalgebra under 〈σ〉 ∼= Zn, called cyclic or n-cyclic orbifold.
There is a rich literature on this subject; see [1, 5, 7, 6, 11, 12, 13, 23, 24] and reference
therein.
We denote by Vc := VV ir(c, 0), the universal Virasoro vertex operator algebra of central
charge c and Lc := L(c, 0) its unique simple quotient. It is well-known due to Feigin and
Fuchs that
Vc 6= Lc ⇔ c = cp,q := 1− 6(p− q)
2
pq
,
where p, q ≥ 2 are coprime integers. We also denote by M(c, h) the Verma module of
lowest weight h and by L(c, h) its simple quotient. The vertex algebra Vc is of fundamental
important in physics, that is, it acts on conformal field theories with a specified central
charge.
In this paper we investigate three types of permutation orbifolds: the S2-orbifold of V⊗2c
and of L⊗2c , cyclic orbifolds of V⊗3c and L⊗3c , and an exceptional permutation orbifolds of
L⊗3
− 22
5
. We leave analysis of general S3-permutation orbifolds of V⊗3c for future work [22] as
it involves additional computations and further analysis of several special cases.
The paper is organized as follows. In Section 2, we discuss basic facts concerning Virasoro
vertex algebra, tensor product construction of V⊗nc , and their permutation orbifolds. In
Section 3, we consider the orbifold (V⊗2c )S2 . Our main result here, Theorem 3.1, shows
that generically this orbifold is of type (2, 4, 6, 8). Section 4 is devoted to analysis of the
simple orbifold (L⊗2c )S2 . In particular, we determined its type for special central charges
c2,5, c2,7, c3,4, c3,5 and c2,9 (see Theorem 4.1). In Section 5, using recent results of Kanade
and Linshaw, we give another interpretation of several families of rational vertex algebras
(L⊗2c )S2 . This in particular proves rationality of certain affine W -algebras of symplectic
type (cf. Corollary 5.3) and the Z2-orbifold of affine W -algebras of orthogonal type (cf.
1
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Corollary 5.1). In Section 6 we prove the main result of this paper, Theorem 6.1, on the
structure of most general cyclic orbifolds (V⊗nc )Z3 . Section 7 contains a detailed analysis of
two important special cases: (L⊗3
− 22
5
)Z3 and (L⊗3
− 22
5
)S3 . In particular, we show they are of
type (2, 5, 6, 9) and (2, 6), respectively. Then in Section 8, we analyze conformal embeddings
among minimal central charges and finally, in Section 9, we outline several questions and
directions for future work.
Acknowledgments. We thank A. Linshaw for useful comments on Section 5. We also
thank A. Dujella for help regarding numerical computation with elliptic curves in Section
8.
2. Permutation orbifolds of V⊗nc
Consider Vc := VVir(c, 0) the universal Virasoro vertex algebra with central charge c
generated by the weight 2 vector ω with vertex operator Y (ω, z) = L(z) =
∑
n∈Z L(n)z
−n−2
with
(2.1) [L(m), L(n)] = (m− n)L(m+ n) + c
12
δm+n,01,
or equivalently, using OPE notation, we have
(2.2) L(z)L(w) = ◦
◦
L(z)L(w)◦
◦
+
∂wL(w)
(z − w) +
2L(w)
(z − w)2 +
c/2
(z − w)4 .
For convenience, we suppress the tensor product symbol and let
Li(−m)1 := 1⊗ · · · 1⊗︸ ︷︷ ︸
(i−1)−factors
L(−m)1 ⊗1⊗ · · · ⊗ 1︸ ︷︷ ︸
(n−1−i)−factors
∈ V⊗nc ,
such that V⊗nc = 〈L1(−2)1, · · · , Ln(−2)1〉. We denote by ω = ω1 + · · ·+ ωn the conformal
vector. We consider the natural action of Sn on V⊗nc given by permuting tensor factors,
that is
(2.3) σ · Li1(m1) · · ·Lik(mk)1 = Lσ(i1)(m1) · · ·Lσ(ik)(mk)1,
for 1 ≤ ij ≤ n, mj < −1, and σ ∈ Sn.
Next result is certainly known.
Proposition 2.1. We have
Aut V⊗nc = Sn.
Proof. It is clear that conformal vectors in V⊗n take form ∑i∈S ωi, where S ⊆ {1, ..., n}.
Let f ∈ Aut V⊗n. Then f(∑i∈S ωi) = ∑i∈S′ ωi, and therefore f(ω) = ω. This implies
f(ωi) = ωσ(i) for some σ ∈ Sn. 
For a vertex algebra V denote by gr(V ) the associated graded Poisson algebra of V [4, 17].
We have a natural linear isomorphism
(2.4) V⊗nc ∼= gr(V⊗nc ) ∼= C[xi(m)|1 ≤ i ≤ n,m ≥ 0]
induced by Li(−m − 2) 7→ xi(m) for m ≥ 0. In particular, the Poisson Zhu algebra of
V⊗nc , denoted by RV⊗n , is isomorphic to C[x1, ..., xn]. The right-hand is also isomorphic to
C[J∞(A
n)], the ring of functions on the arc space of An. The Poisson algebra C[xi(m)|1 ≤
i ≤ n,m ≥ 0] comes equipped with a derivation
(2.5)
∂ : C[xi(m)|1 ≤ i ≤ n,m ≥ 0]→ C[xi(m)|1 ≤ i ≤ n,m ≥ 0]
xi(m) 7→ (m+ 1)xi(m+ 1),
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and where the action of ∂ is extended to the whole space via the Leibniz rule. This definition
of ∂ is compatible with the translation operator in V⊗nc given by T (v) = v−21. Then we
have a standard result [17, 21] (cf. [4]).
Lemma 2.1. Let V be a vertex algebra with a ”good” Z≥0 filtration. If {a˜i|i ∈ I} generates
gr(V ) then {ai|i ∈ I} strongly generates V , where ai and a˜i are related via the natural linear
isomorphism described by the Z≥0 filtration.
We say that v ∈ V is primary of conformal weight r if L(n)v = 0, n ≥ 1 and L(0)v = rv.
In our work we consider several vertex algebras strongly generated by the Virasoro vector
and several primary fields of conformal weight r1, ..., rk. Using physics’ terminology we say
that such vertex algebra is a W -algebra of type (2, r1, ..., rk) (see [8, 9, 14]).
Further, we recall that the invariant ring C[x1, . . . , xn]
Sn has a variety of generating sets,
including the power sum polynomials
pi = x
i
1 + · · ·+ xin, i ≥ 1.
In addition to this, it is common to study the invariant theory of the ring of infinitely many
commuting copies of this polynomial algebra, where we denote by xi(m) the copy of xi from
the mth copy. A well-known theorem of Weyl [29] shows that C[xi(m)|1 ≤ i ≤ n,m ≥ 0]Sn
is generated by the polarizations of these polynomials
(2.6) qk(m1, . . . ,mk) =
n∑
i=1
xi(m1) · · ·xi(mk),
for 1 ≤ k ≤ n. Now, applying Lemma 2.1, we have an initial strong generating set for the
orbifold (V⊗nc )Sn given by the vectors
(2.7) uk(m1, . . . ,mk) =
n∑
i=1
Li(−2−m1) · · ·Li(−2−mk)1,
for 1 ≤ k ≤ n and mj ≥ 0. Throughout we will switch between working directly in the
setting of the vertex operator algebra V⊗nc and its copy inside (End V⊗nc )[[z, z−1]] via the
vertex operator map
Y (·, z) : Vc(n)→ (End V⊗nc (n))[[z, z−1]].
Under this map we have
(2.8)
Uk(m1, . . . ,mk) :=Y (uk(m1, . . . ,mk), z)
=
1
(m1 − 1)! · · ·
1
(mk − 1)!
n∑
i=1
◦
◦
∂m1z Li(z) · · ·∂mkz Li(z)◦◦,
where by ◦
◦
−◦
◦
the normal ordered product and we will often suppress the formal variable z
and write ∂mLi = ∂
m
z Li(z).
We will also need another simple fact. Let I ⊆ V be a maximal ideal and G a finite
subgroup of Aut(V ), then (V/I)G ∼= V G/IG. In particular, let L denote the (unique)
simple quotient of (V⊗nc )Sn , then L ∼= (L⊗
n
c )
Sn .
2.1. Characters. Since Vc is isomorphic (as graded vector spaces) to U(V ir≤−2), its graded
dimension (or simply character) is given by
ch[Vc](τ) = 1∏
n≥2(1− qn)
,
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where q = e2piiτ . For minimal central charges, the character of Lcp,q is given by [27]
ch[Lcp,q ](τ) =
θ1,1p,q(τ)
η(τ)
,
where
θ1,1p,p′(τ) =
∑
j∈Z
(
qj(jpq+q−p) − q(jp+1)(jq+1)
)
and η(τ) = q
1
24
∏
i≥1(1−qi). Equipped with this formula, it is easy to compute the character
of cyclic and permutation orbifold algebras using conjugacy classes of Sn [23]. For special
cases relevant for this work, we get (here Xc = Vc or Xc = Lc):
ch[(X⊗2c )
S2 ](τ) =
1
2
ch[Xc]
2(τ) +
1
2
ch[Xc](2τ),
ch[(X⊗3c )
Z3 ](τ) =
1
3
ch[Xc]
3(τ) +
2
3
ch[Xc](3τ),
ch[(X⊗3c )
S3 ](τ) =
1
6
ch[Vc]3(τ) + 1
2
ch[Xc](2τ)ch[Xc](τ) +
1
3
ch[Xc](3τ).
3. The orbifold
(V⊗2c )S2
We first consider the symmetric oribofold of V⊗2c . For ωi with i = 1, 2, define the
component operators L(n) by
Li(z) = Y (ωi, z) =
∑
n∈Z
Li(n)z
−n−2.
Consider the vectors
(3.1)
ω = ω1 + ω2,
wk = L1(2− k)L1(−2)1+ L2(2− k)L2(−2)1,
where the wk have conformal weight k. Further we define the component operators Jk(n)
by
W k(z) = Y (wk, z) =
∑
n∈Z
Jk(n)z
−n−k.
By the classical invariant theory of S2 it is clear that ω along with wk for k ≥ 0 strongly
generate
(V⊗2c )S2 , our first result minimizes this generating set.
Theorem 3.1. For all c 6= 25647 the orbifold
(V⊗2c )S2 is strongly generated by ω, w4, w6, and
w8. Further (V⊗2256
47
)S2 is strongly generated by ω, w4, w6, w8, and w10.
Proof. We diagonalize the action of the generator (12) of S2 by considering the change of
basis
ω = ω1 + ω2(3.2)
u = ω1 − ω2.(3.3)
We also define the fields associated to these generators:
L(z) = Y (ω, z)(3.4)
U(z) = Y (u, z)(3.5)
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When no confusion arises, we shall omit the z-variable and just write L and U for these
fields, etc. Finally, we define the field
W (a, b) = ◦
◦
∂aU∂bU ◦
◦
(3.6)
We note here that the Leibniz rule holds for normal orderings:
∂W (a, b) = W (a+ 1, b) +W (a, b + 1)(3.7)
so that, with repeated applications of (3.7), we have
W (a, b) = (−1)bW (a+ b, 0) + Ψ(3.8)
where Ψ is a normally ordered polynomial of lower weight fields and their derivatives. We
note here that W (a, 0) is a scalar multiple of Y (u−a−1u, z) for a ≥ 0.
First, we note that, using (3.8), we have an initial strong generating set with fields L
and W (a, 0) where a ≥ 0. In fact, using the derivation ∂ this set can be further reduced
to contain only L and W (2a, 0) where a ≥ 0. Now observe that reduction to our desired
generating set is can be achieved by construction of explicit relations that allow us to write
W (2a, 0) for a ≥ 5 (a ≥ 6 for c = 25647 ) as a normally ordered polynomial in L and W (2b, 0)
for 0 ≤ b ≤ 2 (0 ≤ b ≤ 3 for c = 25647 ). We consider the following terms of weight 9 + a for
a ≥ 2:
C1(a) =
◦
◦
W (a, 0)W (1, 0)◦
◦
− ◦
◦
W (a, 1)W (0, 0)◦
◦
(3.9)
C2(a) =
◦
◦
W (a− 1, 1)W (1, 0)◦
◦
− ◦
◦
W (a− 1, 0)W (1, 1)◦
◦
(3.10)
Direct computation when a is an even integer gives
(3.11)
C1(a) =
(
a4(3c+ 11) + a3(31c+ 47) + 51a2(2c− 1) + a(134c− 137) + 60c+ 70)
30(a+ 1)(a+ 2)(a+ 4)(a+ 5)
W (a+ 5, 0)+
+
(
a3(c+ 14) + 12a2(c+ 6) + a(35c+ 22) + 24c− 12)
24(a+ 1)(a+ 3)(a+ 4)
W (a+ 4, 1)+
−
(
a2 + 9a+ 10
)
12(a+ 1)(a+ 2)
W (a+ 2, 3) +
1
6
◦
◦
(∂3L)W (a, 0)◦
◦
+
(a+ 2)
a+ 1
◦
◦
(∂2L)W (a+ 1, 0)◦
◦
+
+
(
5a2 + 17a+ 8
)
2(a+ 1)(a+ 2)
◦
◦
(∂L)W (a+ 2, 0)◦
◦
+
(a+ 2)
a+ 1
◦
◦
(∂L)W (a+ 1, 1)◦
◦
+
+
2
(
a2 + 4a+ 2
)
(a+ 2)(a+ 3)
◦
◦
LW (a+ 3, 0)◦
◦
+
(a+ 4)
a+ 2
◦
◦
LW (a+ 2, 1)◦
◦
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and
(3.12)
C2(a) = −
(
a4(5c+ 22) + 3a3(25c+ 52) + 4a2(70c+ 11) + 12a(25c− 37) + 72)
180a(a+ 2)(a+ 3)(a+ 4)
W (a+ 5, 0)+
−
(
a3(6c+ 19) + a2(38c+ 37) + a(84c− 19) + 52c+ 323)
60(a+ 1)(a+ 3)(a+ 4)
W (a+ 4, 1)+
− 5(a− 1)
24(a+ 3)
W (a+ 3, 2) +
(
2a2 + 6a+ 7
)
9(a+ 1)(a+ 2)
W (a+ 2, 3)− 1
360
W (a− 1, 6)− (a− 1)
60a
W (a, 5)+
− 1
3
◦
◦
(∂3L)W (a− 1, 1)◦
◦
− (a+ 2)
2a
◦
◦
(∂2L)W (a+ 1, 0)◦
◦
− 2(a− 1)
a
◦
◦
(∂2L)W (a, 1)◦
◦
+
− (a+ 4)
a+ 1
◦
◦
(∂L)W (a+ 2, 0)◦
◦
−
(
7a2 − 3a+ 2)
2a(a+ 1)
◦
◦
(∂L)W (a+ 1, 1)◦
◦
− (a+ 6)
2(a+ 2)
◦
◦
LW (a+ 3, 0)◦
◦
+
− 2
(
a2 + 2a+ 2
)
(a+ 1)(a+ 2)
◦
◦
LW (a+ 2, 1)◦
◦
Applying (3.8) to each of these yields:
(3.13) C1(a) =
p1(a, c)
120(a+ 1)(a+ 2)(a+ 3)(a+ 4)(a+ 5)
W (a+ 5, 0) + Ψ1
and
(3.14) C2(a) =
p2(a, c)
180a(a+ 1)(a+ 2)(a+ 3)(a+ 4)
W (a+ 5, 0) + Ψ2
where Ψ1 and Ψ2 are normally ordered polynomials of lower weight fields and their deriva-
tives and
(3.15)
p1(a, c) = a
5(7c− 16) + 5a4(13c− 64) + 15a3(9c− 88) + a2(560− 185c)− 106a(7c− 76)+
− 480c+ 7440
p2(a, c) = a
5(13c− 40) + a4(70c− 556) + 25a3(5c− 68) + 40a2(2c− 23) + 12a(c+ 70)− 144.
Noting that these the coefficient of W (a + 5, 0) cannot be simultaneously 0, we may sue
these expressions to may replaceW (a+5, 0) with a polynomial in of lower weight fields and
their derivatives regardless of central charge c.
When a is odd, a similar argument gives us:
(3.16) C1(a) =
(a+ 9)
(
a2(7c− 16) + 6a(9c− 32) + 80(c− 7))
120(a+ 2)(a+ 4)(a+ 5)
W (a+ 5, 0) + Ψ1
and
(3.17)
C2(a) =
(a+ 9)
(
a3(13c− 40) + 12a2(5c− 32) + 68a(c− 10) + 336)
180a(a+ 2)(a+ 3)(a+ 4)
W (a+ 5, 0) + Ψ2
where Ψ1 and Ψ2 are normally ordered polynomials of lower weight fields and their deriva-
tives, and allows us to remove W (a + 5, 0) from our list of generators for a ≥ 2 regardless
of central charge c.
At this point, the following generating fields remain:
L,W (0, 0),W (2, 0),W (4, 0),W (6, 0)(3.18)
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The lowest weight linear dependence relation among these operators occurs at weight 10
and has the form:
0 =
5
16
(c− 8)∂2W (4, 0)− 1
360
(47c− 256)W (6, 0)− 1
48
(19c− 144)∂4W (2, 0)+
− 1
480
(287− 38c)∂6W (0, 0) + 11
60
◦
◦
(∂6L)L◦
◦
− 1
4
◦
◦
(∂4L)W (0, 0)◦
◦
+
− 7
6
◦
◦
(∂3L)(∂(W (0, 0))◦
◦
+
3
16
◦
◦
(∂3L)(∂3L)◦
◦
− 9
2
◦
◦
(∂2L)W (2, 0)◦
◦
+
− 7
2
◦
◦
(∂L)(∂W (2, 0))◦
◦
+
1
6
◦
◦
(∂L)(∂3W (0, 0))◦
◦
− 1
15
◦
◦
(∂5L)(∂L)◦
◦
+
+
7
2
◦
◦
L(∂2W (2, 0))◦
◦
− 5
2
◦
◦
LW (4, 0)◦
◦
− 11
12
◦
◦
L(∂4W (0, 0))◦
◦
+
+
1
4
◦
◦
(∂W (0, 0))(∂W (0, 0))◦
◦
− 1
2
◦
◦
(∂2W (0, 0))W (0, 0)◦
◦
+ ◦
◦
W (0, 0)W (2, 0)◦
◦
+
− (323c− 2838)
20160
∂8L
and thus, we have that W (6, 0) can be removed from our list of generating fields unless
c = 25647 . 
For generic central charge, we can replace the above weight 4 and 6 generators with the
following primary vectors (in addition to the conformal vector ω).
(3.19)
ŵ4 = 4(5c+ 11)J4(−4)1− 2(5c+ 22)L(−2)21− 6cL(−4)1
ŵ6 = 108(c+ 12)(4c− 1)(7c+ 34)J6(−6)1− 12(4c− 1)(5c+ 44)(7c+ 34)J4(−6)1
+ 24(5c+ 22)(32c2 + 345c− 68)L(−6)1− 576(4c− 1)(7c+ 34)L(−2)J4(−4)1
+ 12(2c− 1)(5c+ 22)(7c+ 68)L(−3)21− 96(c+ 8)(2c− 1)(7c+ 68)L(−4)L(−2)1
+ 1152(7c2 + 43c− 17)L(−2)31
There are two primaries that involve w8 that can be used as generators. After clearing
denominators the coefficients of w8 in each of these generators are such that their greatest
common divisor is (3c+ 23)(10c+ 3) and as such it is possible to take a linear combination
of these vectors so that we have
(3.20) ŵ8 = (3c+ 23)(10c+ 3)J8(−8)1+ · · · .
Further, for c = 25647 a primary can be similarly calculated at weight 10. These calculations,
(3.19) and (3.20), lead to the following
Corollary 3.1. We have
(1) For c 6∈ {−12,− 233 ,− 347 ,− 115 ,− 310 , 25647 } the orbifold
(V⊗2c )S2 is strongly generated
by primary vectors of weight 2,4,6,8 and is thus of type (2,4,6,8).
(2) The orbifold (V⊗2256
47
)S2 is strongly generated by primary vectors of weight 2,4,6,8,10
and is thus of type (2,4,6,8,10).
(3) In all other cases
(V⊗2c )S2 is strongly generated by vectors in weight 2,4,6,8 some
of which are not primary, as apparent from the coefficients in (3.19) and (3.20).
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4. The simple orbifold
(L⊗2c )S2
In order to describe the simple orbifold
(L⊗2c )S2 , we first have to determine all simple
vertex algebras Lc that have singular vectors up to and including degree 8. Such vertex
algebras are characterized by central charges: c2,5 = − 225 , c2,7 = − 687 , c2,9 = − 463 , c3,4 = 12 ,
and c3,5 = − 35 . Then using Theorem 3.1 we get the following result.
Theorem 4.1. We have:
(a) (L−22/5 ⊗ L−22/5)S2 ∼= L−44/5,
(b) (L−68/7 ⊗ L−68/7)S2 is of type (2, 4),
(c) (L−3/5 ⊗ L−3/5)S2 and (L−46/3 ⊗ L−46/3)S2 are of type (2, 4, 6),
(d) (L1/2 ⊗ L1/2)S2 is of type (2, 4, 8),
(e) In all other cases (Lc ⊗ Lc)S2 is of the type described in Corollary 3.1.
Proof. Proofs are straightforward verifications with generators. We give a proof for part (c)
only. It is known that V−3/5 and V−46/3 have a singular vector of degree 8 (also generator
of the maximal ideal). In these two cases the weight 8 generator, w8 from Theorem 3.1, can
be written in terms of ω, w4, w6, and the sum of the singular vectors of weight 8 from each
L−3/5 (or L−46/3) component. 
Remark 4.1. Part (d) of the previous theorem can be approached using the fermionic
construction of c = 12 minimal models. Let F denote the rank one free fermion vertex
superalgebra. Then FZ2 ∼= L1/2 (the even subalgebra) and thus
(L1/2 ⊗ L1/2)S2 ∼=
(FZ2 ⊗FZ2)S2 ∼= (F ⊗ F)G
where
G =
〈(−1 0
0 1
)
,
(
1 0
0 −1
)
,
(
0 1
1 0
)〉
,
viewed as a subgroup Aut(F ⊗ F) = O(2) of order 8. Clearly, G ∼= D4. Using methods
similar to those in [24], we have (L1/2 ⊗ L1/2)S2 ∼= (F ⊗ F)D4 is of type (2, 4, 8).
Alternatively, using results of Dong and Jiang on characterization of rational c = 1 VOAs
[10] and known decomposition
(L1/2 ⊗ L1/2)S2 ∼=
⊕
m≥0;even
L(1,m2)
⊕ ⊕
m≥1;even
L(1, 2m2),
we immediately get
(L1/2 ⊗ L1/2)S2 ∼= V +4Z,
which is known to be of type (2, 4, 8).
5. A description in terms of the universal two parameter even spin VOA
and affine W -algebras
In [16], the universal two parameter algebra, Wev(c, λ), of type W(2, 4, 6, . . . ) was rigor-
ously constructed. This algebra is strongly generated by infinitely many fields in weights
2, 4, 6, . . . and weakly generated by a primary weight 4 field which we denote by W 4∞. We
consider this algebra with central charge 2c to correspond with the central charge of our
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orbifold. A normalization can be chosen for this field so that
(5.1)
(
W 4∞
)
(3)
W 4∞ =32λW
4
∞ −
128(49λ2(2c− 1)(2c− 25)− 1)
63(2c− 1)(2c+ 24)(4c− 1)
◦
◦
LL◦
◦
− 32(2c− 4)(49λ
2(2c− 1)(2c− 25))
441(2c− 1)(2c+ 24)(4c− 1) ∂
2L.
Furthermore, the weight four generator for V⊗2c given by Theorem 3.1 can be replaced by
the primary field
(5.2) W˜ 4 = µW 4 − 5c+ 22
2(5c+ 11)
µ◦
◦
LL◦
◦
− 3c
4(5c+ 11)
∂2L,
where µ we leave as a free normalization constant at the moment. It is also straightforward
to check that this field weakly generates V⊗2c . We have the following
(5.3)
(
W˜ 4
)
(3)
W˜ 4 =
2(5c2 + 33c− 44)
5c+ 11
µW˜ 4 +
21c(5c+ 22)
(5c+ 11)2
µ2◦
◦
LL◦
◦
+
3c(c− 2)(5c+ 22)
2(5c+ 11)2
µ2∂2L.
Now, equating (5.1) and (5.3) to solve for µ and λ gives
(5.4) µ = − 16
7(2c− 1)(c+ 20) and λ = −
5c2 + 33c− 44
7(5c+ 11)(2c− 1)(c+ 20) .
From this it follows that for c /∈ {−20,−12,− 115 , 12 , 14} is a quotient of Wev(c, λ) with
truncation curve given by
(5.5) λ(c) = − 5c
2 + 33c− 44
7(5c+ 11)(2c− 1)(c+ 20) .
Another known quotient of the universal algebra Wev(c, λ) is Wk(so2n, fprinc)Z2 [16],
whose truncation curve is given by
(5.6) λ(c) =
38cn3 + 24n3 + 2c2n2 − 147cn2 + 10n2 − 2c2n+ 120cn− 28n− 9c2 − 6c
7(c− 1)(5c+ 22)(12n3 + 2cn2 − 19n2 − 2cn+ 10n− 3c)
where
(5.7) c = −n(2nk − 2k + 4n
2 − 10n+ 5)(2nk − k + 4n2 − 8n+ 4)
k + 2n− 2 ,
The category in which these algebras are objects has unique simple objects, so intersections
of the curves (5.5) and (5.6) gives the isomorphisms
(5.8) (Lc′ ⊗ Lc′)S2 ∼=Wk′(so2n, fprinc)Z2 ,
where
(5.9) c′ = −n(4n− 5)
n+ 1
and k′ = −4n
2 − 2n− 3
2n+ 2
,
or
(5.10) c′ = −n(4n− 5)
n+ 1
and k′ = −4n(n− 2)
2n− 1 .
Corollary 5.1. The vertex algebra Wk′(so2n, fprinc)Z2 is rational.
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A similar analysis can be done with the Z2 orbifold of the level k sl2 parafermion algebra,
Nk(sl2)
Z2 which has central charge given by
(5.11) c =
3k
k + 2
− 1 = 2(k − 1)
k + 2
and truncation curve given by
(5.12) λ(k) =
(k + 2)(4k3 − 15k2 − 33k − 4)
7(k − 4)(16k + 17)(k2 + 3k + 4) .
Intersections of the appropriate truncation curves give
Corollary 5.2.
(5.13) (L−2 ⊗ L−2)S2 ∼= N−1(sl2)Z2 and (L7/10 ⊗ L7/10)S2 ∼= N8(sl2)Z2 ,
where Nk(sl2) denotes the simple parafermionic algebra of level k. For further results
regarding the Z2-orbifold of Nk(sl2), k ∈ N, see [15].
Finally, we can do the same type of calculation with Wk(sp(2m)). In this case the
truncation curves are quite long so we do not include them here, they can be found in [16].
Corollary 5.3. We have (Lc ⊗ Lc)S2 ∼=Wk(sp(2m)) for the following values of c and k
c = −12m
2 + 10m
2m+ 3
= c2,2m+3 and k = −4m
2 + 8m+ 5
4m+ 6
,
c = −3m
2 −m− 2
m+ 2
= c2,m+2 and k = −2m
2 +m− 2
2m
c =
2m2 − 5m
2m2 − 5m+ 3 = c2m−3,2m−2 and k = −
2m2 − 2m− 2
2m− 3 ,
where by cp,q we denote the appropriate minimal model. As such, we have established the
rationality of these W-algebras.
Remark 5.1. We should point out that three series of rational affine vertex algebras in
Corollary 5.3 correspond to (p, q) = (2m + 1, 4m + 6), (m + 2, 2m) and (m − 1, 2m − 3)
models, that is the level is given by −h∨+ pq , where h∨ = m+1 is the dual coxeter number
of sp(2m). Using discussion in Section 9, it follows that the second and third series (for
m ≥ 3) is not among admissible series, so this gives a family of rational and lisse affine
W -algebras outside the main series. Moreover, using Section 2, it is easy to write down
explicit characters of these affine W -algebras.
6. The orbifold
(V⊗3c )Z3
In this section we define an alternative generating set for V⊗3c given by:
ω = ω1 + ω2 + ω3(6.1)
u1 = ω1 + η
2ω2 + ηω3(6.2)
u2 = ω1 + ηω2 + η
2ω3(6.3)
(6.4)
where η = e
2ipi
3 . We also define the fields associated to these generators by:
(6.5)
L(z) = Y (ω, z)
U1(z) = Y (u1, z)
U2(z) = Y (u2, z)
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When no confusion arises, we use the notation L,U1, and U2 for these fields, respectively.
Finally, we consider the following fields:
(6.6)
W2(a, b) =
◦
◦
∂aU1∂
bU2
◦
◦
W ′2(a, b) =
◦
◦
∂aU2∂
bU1
◦
◦
W3,1(a, b, c) =
◦
◦
∂aU1∂
bU1∂
cU1
◦
◦
W3,1(a, b, c) =
◦
◦
∂aU2∂
bU2∂
cU2
◦
◦
We note here that the Leibniz rule holds for normal orderings:
(6.7) ∂W2(a, b) = W2(a+ 1, b) +W2(a, b + 1),
so that, with repeated applications of (6.7), we may always write
(6.8) W2(a, b) = (−1)bW2(a+ b, 0) + Ψ
where Ψ is a normally ordered polynomial of lower weight fields and their derivatives. Thus,
via direct calculation, we have the following useful facts
W3,1(a, b, 0) = W3,1(b, a, 0) +
a!b!(a− b)L(a+b+4)
(a+ b+ 3)(a+ b+ 4)(a+ b+ 1)!
− (−1)
a+b+2a!b!(a− b)
(a+ b+ 2)!
W2(a+ b+ 2, 0) + Ψ
(6.9) W3,2(a, b, 0) = W3,2(b, a, 0)− a!b!(a− b)
(a+ b+ 2)!
W2(a+ b+ 2, 0) + Ψ
(6.10) W3,1(a, b, c) =W3,1(a, c, b) +
c!(−1)b+c+1b!(b− c)
(b + c+ 2)!
W2(a+ b+ c+ 2, 0) + Ψ
and
W3,2(a, b, c) = W3,2(a, c, b) +
(−1)a+1c!b!(b− c)
(b + c+ 2)!
W2(a+ b+ c+ 2, 0)(6.11)
+
a!b!c!(b− c)(a− b− c− 2)
(a+ b + c+ 4)!
L(a+b+c+4) +Ψ(6.12)
where, in each case, Ψ is some normally ordered polynomial of lower weight fields and their
derivatives.
We also recall that, using the Leibniz rule for normal orderings, we have:
(6.13) ∂W3,1(a, b, c) =W3,1(a+ 1, b, c) +W3,1(a, b + 1, c) +W3,1(a, b, c+ 1)
so that any of the summands on the right hand side can be expressed in terms of the other
two along with a derivative of a lower weight term. Applying (6.13) repeatedly, we may
write
W3,1(a, b, c) = (−1)b
b∑
k=0
(
b
k
)
W3,1(a+ k, 0, c+ b− k) + Ψ
where Ψ is a normally ordered polynomial of lower weight fields and their derivatives. In
particular, setting c = 0, we have that
W3,1(a, b, 0) = (−1)b
b∑
k=0
(
b
k
)
W3,1(a+ k, 0, b− k) + Ψ
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where Ψ is a normally ordered polynomial of lower weight fields and their derivatives. We
apply equation (6.10) to obtain
(6.14)
W3,1(a, b, 0) = (−1)b
b∑
k=0
(
b
k
)
W3,1(a+ k, b− k, 0)+
+ (−1)b
b−1∑
k=0
(
b
k
)
(−1)b−k+1(b − k)!(k − b)
(b − k + 2)! W2(a+ b+ 2, 0) + Ψ
In particular, when b is odd, we may rewrite this equation as
W3,1(a, b, 0) =
1
2
(−1)b
b∑
k=1
(
b
k
)
W3,1(a+ k, b− k, 0)+
+
1
2
(−1)b
b−1∑
k=0
(
b
k
)
(−1)b−k+1(b − k)!(k − b)
(b − k + 2)! W2(a+ b+ 2, 0) +
1
2
Ψ
In our work, we only need to consider the cases when b = 1, 3, 5. In particular, repeated
applications of the above yield (modulo derivatives of lower weight terms):
(6.15) W3,1(a, 1, 0) = −1
2
W3,1(a+ 1, 0, 0) +
1
12
W2(a+ 3, 0) + Ψ
(6.16) W3,1(a, 3, 0) = − 1
20
W2(a+ 5, 0)− 3
2
W3,1(a+ 1, 2, 0) +
1
4
W3,1(a+ 3, 0, 0) + Ψ
and
(6.17)
W3,1(a, 5, 0) =
17
168
W2(a+7, 0)− 5
2
W3,1(a+1, 4, 0)+
5
2
W3,1(a+3, 2, 0)− 1
2
W3,1(a+5, 0, 0)+Ψ
where in each case Ψ is some normally ordered polynomial of lower weight fields and their
derivatives. Repeating these computations for W3,2 yields:
(6.18) W3,2(a, 1, 0) =
1
12
(−1)a+1W2(a+ 3, 0)− 1
2
W3,2(a+ 1, 0, 0) + Ψ
(6.19) W3,2(a, 3, 0) =
1
20
(−1)aW2(a+ 5, 0)− 3
2
W3,2(a+ 1, 2, 0) +
1
4
W3,2(a+ 3, 0, 0) + Ψ
and
(6.20)
W3,2(a, 5, 0) =
1
168
(−17)(−1)aW2(a+ 7, 0)− 5
2
W3,2(a+ 1, 4, 0)+
+
5
2
W3,2(a+ 3, 2, 0)− 1
2
W3,2(a+ 5, 0, 0) + Ψ
where in each case Ψ is some normally ordered polynomial of lower weight fields and their
derivatives. It is clear that (6.15) - (6.20) can be extended to rewrite any relation of the form
W3,i(a, b, 0), where b is odd, in terms ofW3,i(a+1, b−1, 0),W3,i(a+3, b−3, 0), . . . ,W3,i(a+
b, 0, 0) and a normally ordered polynomial of lower weight fields and their derivatives for
i = 1, 2.
Theorem 6.1. The orbifiold
(V⊗3c )Z3 is of type (2, 4, 5, 63, 7, 83, 93, 102) when c 6= 0, − 916 ,
9
352
(
3661±√12376489). Moreover, when c = − 916 , 9352 (3661±√12376489), then the orb-
ifold
(V⊗3c )Z3 is of type (2, 4, 5, 63, 7, 83, 93, 102, 11).
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Proof. First, using an argument identical to [23], we have an initial strong generating set of
fields given by:
(6.21) {L,W2(a, 0),W3,1(b, c, 0),W3,2(b, c, 0)|a ≥ 0, b ≥ c ≥ 0}
First, we being by defining, for a, b ≥ 0, the terms:
D1(a, b) =
◦
◦
W2(a, 0)W2(0, b)
◦
◦
− ◦
◦
W2(a, b)W2(0, 0)
◦
◦
(6.22)
D2(a, b) =
◦
◦
W2(a, 0)W2(1, b)
◦
◦
− ◦
◦
W2(a, b)W2(1, 0)
◦
◦
(6.23)
We additionally consider
D′1(a, b) =
◦
◦
W ′2(a, 0)W
′
2(0, b)
◦
◦
− ◦
◦
W ′2(a, b)W
′
2(0, 0)
◦
◦
(6.24)
D′2(a, b) =
◦
◦
W ′2(a, 0)W
′
2(1, b)
◦
◦
− ◦
◦
W ′2(a, b)W
′
2(1, 0)
◦
◦
(6.25)
We first show that W2(a+6, 0),W3,1(a+4, 0, 0),W3,1(a+2, 2, 0),W3,1(a, 4, 0), W3,2(a+
4, 0, 0), W3,2(a + 2, 2, 0), and W3,2(a, 4, 0) can be expressed using some normally ordered
polynomial of lower weight fields and their derivatives whenever a ≥ 6. First, for a ≥ 6, we
may directly compute the following:
D1(a+ 1, 1) = d1,1,(a, c)W2(a+ 6, 0) +
1
6
W3,1(a+ 1, 3, 0) +W3,1(a+ 2, 2, 0)+
+ 2W3,1(a+ 3, 1, 0) +
4
3
W3,1(a+ 4, 0, 0) +
(−1)aW3,2(a+ 2, 2, 0)
a+ 2
+
+
(2(−1)a)W3,2(a+ 3, 1, 0)
(a+ 2)(a+ 3)
+
(2(−1)a)W3,2(a+ 4, 0, 0)
a+ 3
+ Ψ
D′1(a+ 1, 1) = (−1)ad1,1(a, c)W2(a+ 6, 0) +
(−1)aW3,1(a+ 2, 2, 0)
a+ 2
+
2(−1)aW3,1(a+ 3, 1, 0)
(a+ 2)(a+ 3)
+
+
2(−1)aW3,1(a+ 4, 0, 0)
a+ 3
+
1
6
W3,2(a+ 1, 3, 0) +W3,2(a+ 2, 2, 0)+
+ 2W3,2(a+ 3, 1, 0) +
4
3
W3,2(a+ 4, 0, 0) + Ψ
D1(a, 2) = d1,2(a, c)W2(a+ 6, 0) +
1
6
W3,1(a, 4, 0) +W3,1(a+ 1, 3, 0) + 2W3,1(a+ 2, 2, 0)+
+
4
3
W3,1(a+ 3, 1, 0) +
(−1)a+1W3,2(a+ 1, 3, 0)
a+ 1
+
((−1)aa)W3,2(a+ 2, 2, 0)
(a+ 1)(a+ 2)
+
+
(−1)a+1W3,2(a+ 3, 1, 0)
a+ 1
− (2(−1)
a)W3,2(a+ 4, 0, 0)
a+ 2
+ Ψ
D′1(a, 2) = (−1)ad1,2(a, c)W2(a+ 6, 0) +
(−1)a+1W3,1(a+ 1, 3, 0)
a+ 1
+
((−1)aa)W3,1(a+ 2, 2, 0)
(a+ 1)(a+ 2)
+
+
(−1)a+1W3,1(a+ 3, 1, 0)
a+ 1
− (2(−1)
a)W3,1(a+ 4, 0, 0)
a+ 2
+
1
6
W3,2(a, 4, 0)+
+W3,2(a+ 1, 3, 0) + 2W3,2(a+ 2, 2, 0) +
4
3
W3,2(a+ 3, 1, 0) + Ψ
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D1(a− 1, 3) = d1,3(a, c)W2(a+ 6, 0) + 3
20
W3,1(a− 1, 5, 0) + 5
2
W3,1(a+ 1, 3, 0) + 3W3,1(a+ 2, 2, 0)+
+ 2W3,1(a+ 3, 1, 0) +
4
5
W3,1(a+ 4, 0, 0) +W3,1(a, 4, 0)+
+
(
(−1)a+1(a− 1))W3,2(a+ 1, 3, 0)
a(a+ 1)
+
(−1)aW3,2(a+ 3, 1, 0)
a
+
+
(2(−1)a)W3,2(a+ 4, 0, 0)
a+ 1
+
(−1)aW3,2(a, 4, 0)
a
+Ψ
D′1(a− 1, 3) = (−1)ad1,3(a, c)W2(a+ 6, 0) + +
3
20
W3,2(a− 1, 5, 0) + 5
2
W3,2(a+ 1, 3, 0)+
+ 3W3,2(a+ 2, 2, 0) + 2W3,2(a+ 3, 1, 0) +
4
5
W3,2(a+ 4, 0, 0)+
+W3,2(a, 4, 0) +
(
(−1)a+1(a− 1))W3,1(a+ 1, 3, 0)
a(a+ 1)
+
(−1)aW3,1(a+ 3, 1, 0)
a
+
(2(−1)a)W3,1(a+ 4, 0, 0)
a+ 1
+
(−1)aW3,1(a, 4, 0)
a
+Ψ
D2(a, 1) =
(
7a5 + 130a4 + 855a3 + 2255a2 + 1763a− 390
15(a+ 1)(a+ 2)(a+ 3)(a+ 4)(a+ 5)(a+ 6)
− ((a− 1)(a+ 10))c
120(a+ 4)(a+ 5)
)
W2(a+ 6, 0)+
− 7
6
W3,1(a+ 1, 3, 0)− 3W3,1(a+ 2, 2, 0)− 2
3
W3,1(a+ 3, 1, 0)− 1
6
W3,1(a, 4, 0)+
+
(−1)a+1W3,2(a+ 1, 3, 0)
a+ 1
+
(
(−1)a+1(5a+ 7))W3,2(a+ 2, 2, 0)
(a+ 1)(a+ 2)
+
− (2(−1)
a(2a+ 7))W3,2(a+ 3, 1, 0)
(a+ 2)(a+ 3)
− (2(−1)
a)W3,2(a+ 4, 0, 0)
a+ 3
+ Ψ
where in each case Ψ is some normally ordered polynomial of lower weight fields and their
derivatives and where
(6.26) d1,1(a, c) = −2a
5 + 35a4 + 245a3 + 940a2 + 2093a+ 2010
15(a+ 2)(a+ 3)(a+ 4)(a+ 5)(a+ 6)
− ((a+ 1)(a+ 10))c
80(a+ 5)(a+ 6)
,
(6.27)
d1,2(a, c) =
(a(a+ 10))c
48(a+ 4)(a+ 6)
− 16a
6 + 423a5 + 4120a4 + 17685a3 + 29704a2 + 3492a− 19440
180(a+ 1)(a+ 2)(a+ 3)(a+ 4)(a+ 5)(a+ 6)
,
and
(6.28)
d1,3(a, c) = −8a
6 − 95a5 − 1937a4 − 4117a3 + 24105a2 + 67968a+ 23940
420a(a+ 1)(a+ 2)(a+ 3)(a+ 5)(a+ 6)
− (3(a− 1)(a+ 10))c
112(a+ 3)(a+ 6)
.
Now, using (6.15) - (6.20) to rewrite the above expressions, we collect the coefficients
of W2(a+ 6, 0), W3,1(a+ 4, 0, 0), W3,1(a + 2, 2, 0), W3,1(a, 4, 0), W3,2(a + 4, 0, 0), W3,2(a+
2, 2, 0), and W3,2(a, 4, 0) to form a 7× 7 matrix and solve for W2(a+6, 0), W3,1(a+4, 0, 0),
W3,1(a+ 2, 2, 0), W3,1(a, 4, 0), W3,2(a+ 4, 0, 0), W3,2(a+ 2, 2, 0), and W3,2(a, 4, 0) in terms
of D1(a+1, 1), D
′
1(a+1, 1), D1(a, 2), D
′
1(a, 2), D1(a−1, 3), D′1(a−1, 3), and D2(a, 1) some
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normally ordered polynomial of lower weight fields and their derivatives. The determinant
of this matrix is:
(6.29) − 2187(a− 3)(a− 2)
2(a− 1)2(a+ 10) (3a3 + 39a2 + 150a+ 160) c
229376000a(a+ 2)2(a+ 3)3(a+ 4)(a+ 5)(a+ 6)
and we see that it is invertible precisely when c 6= 0.
By direct computation, we have
D2(a, b) =
b∑
k=0
(
(−1)k − 3) b! (− ((−1)k + 3) (−2b2 + b(k − 5) + 2k))
4(2(k + 3)!)(b− k)! W3,1(a+ b− k, k + 3, 0)+
+
(
(−1)b+1 ((−1)bb2 + 3(−1)bb+ (−1)b − 1))
b+ 1
W3,1(a+ b+ 1, 2, 0)+
+
(
(−1)b+1b (2(−1)bb+ 3(−1)b + 1))
(b + 1)(b+ 2)
W3,1(a+ b+ 2, 1, 0)+
+
((−1)aa!)
(a+ 1)!
ω3,2(a+ 1, b+ 2, 0) +
(
(−1)a+1a!)
(a+ 1)!
W3,2(a+ b+ 1, 2, 0)+
+
(
2(−1)aa!
(a+ 1)!
− 3(−1)
a(a+ 1)!
(a+ 2)!
)
W3,2(a+ 2, b+ 1, 0)+
− (3(−1)
a(a+ 1)!)
(a+ 2)!
W3,2(a+ b + 2, 1, 0)+
+
(
(−1)aa!
(a+ 1)!
− 3(−1)
a(a+ 1)!
(a+ 2)!
+
2(−1)a(a+ 2)!
(a+ 3)!
)
W3,2(a+ 3, b, 0)+
− (2(−1)
a(a+ 2)!)
(a+ 3)!
W3,2(a+ b + 3, 0, 0) + Ψ
for a ≥ 4 and 2 ≤ b ≤ a − 2, where Ψ is a normally ordered polynomial of lower weight
fields and their derivatives, and W2(a + b + 5, 0). Using this expression, we may rewrite
W3,1(a, b+3, 0, 0) in terms ofW3,1(a+b−k, k+3, 0) with −2 ≤ k ≤ b−1,W3,2(a+1, b+2, 0),
W3,2(a+b+1, 2, 0),W3,2(a+2, b+1, 0),W3,2(a+b+2, 1, 0),W3,2(a+3, b, 0),W3,2(a+b+3, 0, 0),
D2(a, b), a normally ordered polynomial of lower weight fields and their derivatives, and
W2(a + b + 5, 0). Similarly, we can directly compute D
′
2(a, b) and obtain that, for a ≥ 4
and 2 ≤ b ≤ a− 2, W3,2(a, b + 3, 0, 0) can be rewritten in terms of W3,2(a+ b− k, k + 3, 0)
with −2 ≤ k ≤ b − 1, W3,1(a + 1, b + 2, 0), W3,1(a + b + 1, 2, 0), W3,1(a + 2, b + 1, 0),
W3,1(a + b + 2, 1, 0), W3,1(a + 3, b, 0), W3,1(a + b + 3, 0, 0), D
′
2(a, b), a normally ordered
polynomial of lower weight fields and their derivatives, and W2(a+ b+ 5, 0).
Next, we eliminate W2(11, 0), W3,1(5, 4, 0), W3,1(7, 2, 0), W3,1(9, 0, 0), W3,2(5, 4, 0),
W3,2(7, 2, 0), and W3,2(9, 0, 0). We use the following 8 relations to set up two 7× 7 matrices
which allow us to remove W2(11, 0), W3,1(5, 4, 0), W3,1(7, 2, 0), W3,1(9, 0, 0), W3,2(5, 4, 0),
W3,2(7, 2, 0), and W3,2(9, 0, 0) regardless of c:
D1(6, 1) = − 9
880
cW2(11, 0) +
73
1540
W2(11, 0) +
3
4
W3,1(7, 2, 0) +
3
8
W3,1(9, 0, 0)+
− 1
7
W3,2(7, 2, 0)− 13
56
W3,2(9, 0, 0) + Ψ
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D1(5, 2) =
25c
1584
W2(11, 0)− 10477
166320
W2(11, 0) +
1
6
W3,1(5, 4, 0) +
1
2
W3,1(7, 2, 0)+
− 5
12
W3,1(9, 0, 0)− 31
84
W3,2(7, 2, 0) +
41
168
W3,2(9, 0, 0) + Ψ
D1(4, 3) = − 45c
2464
W2(11, 0) +
2371
30800
W2(11, 0) +
23
20
W3,1(5, 4, 0)− 3
4
W3,1(7, 2, 0)+
+
17
40
W3,1(9, 0, 0)− 1
5
W3,2(5, 4, 0)− 1
5
W3,2(7, 2, 0)− 1
5
W3,2(9, 0, 0) + Ψ
D′1(6, 1) =
9
880
cW2(11, 0)− 73
1540
W2(11, 0)− 1
7
W3,1(7, 2, 0)+
− 13
56
W3,1(9, 0, 0) +
3
4
W3,2(7, 2, 0) +
3
8
W3,2(9, 0, 0) + Ψ
D′1(5, 2) = −
25c
1584
W2(11, 0) +
10477
166320
W2(11, 0)− 31
84
W3,1(7, 2, 0)+
+
41
168
W3,1(9, 0, 0) +
1
6
W3,2(5, 4, 0) +
1
2
W3,2(7, 2, 0)− 5
12
W3,2(9, 0, 0) + Ψ
D′1(4, 3) =
45c
2464
W2(11, 0)− 2371
30800
W2(11, 0)− 1
5
W3,1(5, 4, 0)− 1
5
W3,1(7, 2, 0)+
− 1
5
W3,1(9, 0, 0) +
23
20
W3,2(5, 4, 0)− 3
4
W3,2(7, 2, 0) +
17
40
W3,2(9, 0, 0) + Ψ
D2(4, 2) =
9c
1120
W2(11, 0)− 118
2475
W2(11, 0)− 3
4
W3,1(5, 4, 0) +
3
4
W3,1(7, 2, 0)+
+
1
5
W3,2(5, 4, 0)− 9
140
W3,2(7, 2, 0)− 17
280
W3,2(9, 0, 0) + Ψ
D2(3, 3) = − 9c
1120
W2(11, 0) +
12259
92400
W2(11, 0)− 23
20
W3,1(5, 4, 0) +
39
40
W3,1(7, 2, 0)+
− 5
16
W3,1(9, 0, 0) +
29
40
W3,2(5, 4, 0)− 2
5
W3,2(7, 2, 0) +
13
80
W3,2(9, 0, 0) + Ψ
where in each case Ψ is some normally ordered polynomial involving lower weight terms and
their derivatives. Now, extracting the coefficients of W2(11, 0), W3,1(5, 4, 0), W3,1(7, 2, 0),
W3,1(9, 0, 0), W3,2(5, 4, 0), W3,2(7, 2, 0), and W3,2(9, 0, 0) in D1(6, 1) through D2(4, 2), we
form a 7× 7 matrix whose determinant is
898794549203512500c− 7006017689331806250
745253681356800000000
(6.30)
and is invertible precisely when c 6= 17714722726 , allowing us to rewrite W2(11, 0), W3,1(5, 4, 0),
W3,1(7, 2, 0), W3,1(9, 0, 0), W3,2(5, 4, 0), W3,2(7, 2, 0), and W3,2(9, 0, 0) in terms of D1(6, 1)
through D2(4, 2) a normally ordered polynomial of lower weight fields and their derivatives
when c 6= 17714722726 . Similarly, replacing D2(4, 2) in the above work with D2(3, 3) yields a 7×7
matrix with determinant
672577698175853400000− 86414789000769075000c
11924058901708800000000
(6.31)
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and is invertible precisely when c 6= 1417176182083 . A similar strategy may now be employed to
reduce our list of generating fields to
W2(a, 0) 0 ≤ a ≤ 8
W3,1(a, 0, 0) 0 ≤ a ≤ 6
W3,2(a, 0, 0) 0 ≤ a ≤ 6
Next, we establish linear dependence relations at different conformal weights to remove
the remaining extraneous generating fields. First, we note that there are no linear depen-
dence relations among generators and their derivatives of weight up to and including 6.
At weight 7, we have the following linear dependence relations:
(6.32) 20W2(3, 0)− 40∂W3,2(0, 0, 0) + 120W3,2(1, 0, 0) + ∂5L = 0
and
−3
2
∂W2(2, 0) +
3
2
∂2W2(1, 0)− 1
2
W3,2(3, 0)− 1
2
∂3W2(0, 0)+(6.33)
+ ∂W3,1(0, 0, 0)− 3W3,1(1, 0, 0) + 2∂W3,2(0, 0, 0)− 6W3,2(1, 0, 0) = 0(6.34)
allowing us to rewrite W3,1(1, 0, 0) and W3,2(1, 0, 0) in terms of W2(3, 0) and a normally
ordered polynomial of lower weight fields and their derivatives.
At weight 8 and 9 there are no linear dependence relations among involving nonzero
multiples of the generators and involving their derivatives.
At weight 10, we have relations involving − 1180 (c + 30)w2(6, 0),w31(4, 0, 0),w32(4, 0, 0)
and multiples of their derivatives which allow us to rewrite one of the weight 10 generators
in terms of the other 2.
At weight 11, when c 6= − 916 , 9352
(
3661±√12376489), we may form three relations which
allow us to rewrite W2(7, 0), W3,1(5, 0, 0), and W3,2(5, 0, 0) as a linear combinations of
derivatives of lower weight generators. When c = − 916 , 9352
(
3661±√12376489), we may
rewrite 2 of the generators W2(7, 0), W3,1(5, 0, 0), and W3,2(5, 0, 0) in terms of the third.
At weight 12, the generators W2(8, 0),W3,1(6, 0, 0),W3,2(6, 0, 0) can be removed using
3 linear dependence relations among W2(8, 0),W3,1(6, 0, 0),W3,2(6, 0, 0) and derivatives of
lower weight generators. 
7. The orbifolds
(L⊗3c )Z3 and (L⊗3−22/5)S3
In this section with look at the Z3 and S3 orbifolds of the three fold tensor product of the
Virasoro vertex operator algebra at central charge − 225 . This is the simplest and by far the
most beautiful nontrivial example as the singular vector occurs in weight four, allowing for
significant simplification. The character of L− 22
5
is given by the famous Rogers-Ramanujan
product series:
ch[L− 22
5
](τ) =
q
11
60∏
i≥0(1− q5i+2)(1 − q5i+3)
.
Our first main result examines the Z3 case.
Theorem 7.1. The vertex algebra
(
L⊗3
−22/5
)Z3
is of type (2, 5, 6, 9).
Proof. We use the notation described in (6.5) and (6.6) and the well known singular vector
(7.1) vk = 10Lk(−2)2 − 6Lk(−4)1
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for k = 1, 2, 3, in each copy of V− 22
5
, which is clearly 0 in the simple quotient L−22/5. As in
previous proofs we perform our calculations at the level of vertex operators and so we set
V s(z) = Y (v1 + v2 + v3, z)
V s1 (z) = Y (v1 + η
2v2 + ηv3, z)
V s2 (z) = Y (v1 + ηv2 + η
2v3, z)
and so under the generator of Z3 we have
V s 7→ V s
V s1 7→ ηV s1
V s2 7→ η2V s2 ,
which is parallel to the Z3 action on the generators L, U1, and U2 of
(
V− 22
5
)⊗3
. We now
form the fields
W s2,1(a) =
◦
◦
(∂aU2)V
s
1
◦
◦
W s2,2(a) =
◦
◦
(∂aU1)V
s
2
◦
◦
W s2,3(a) =
◦
◦
(∂aV1)V
s
2
◦
◦
W s3,1(a) =
◦
◦
(∂aU1)U1V
s
1
◦
◦
W s3,1(a) =
◦
◦
(∂aU2)U2V
s
2
◦
◦
(7.2)
Observe that these fields are all descendants of the singular vectors and are thus zero in the
simple quotient. Further the generators described in the proof of Theorem 6.1 can be reduced
down to the set containing the total conformal vector ω along with wk = U1(−3)U2(−2)
for k = 5, 6, 9, where Y (ui, z) =
∑
n∈Z Ui(n)z
−n−2. As such, we need to write the fields
corresponding to the remaining generators in terms of V s and W si,j(a). For example, at
weight four we have
W2(4, 0) =
3
20
V s − 1
2
◦
◦
LL◦
◦
− 9
20
∂2L
inside the simple quotient. Similar equations exist for all remaining generators except those
described above. For example, at weight 8 we require three such equations:
W3,1(2, 0, 0) = −17
56
W s2,1(2)−
13
168
W s2,2(2) +
1
84
W s2,3(0)−
157
758
W s3,1(0)−
95
756
W s3,2 +Ψ1,
W3,2(2, 0, 0) = −17
56
W s2,1(2)−
13
168
W s2,2(2) +
1
84
W s2,3(0) +
95
756
W s3,1(0)−
347
756
W s3,2 +Ψ2,
W2(4, 0) =
9
28
W s2,1(2)−
1
28
W s2,2(2)−
1
14
W s2,3(0)−
25
126
W s3,1(0) +
25
126
W s3,2 +Ψ3.

Remark 7.1. A complete list of minimal central charges for which the type of (L⊗3c )Z3 is
different than the generic type is necessarily among c2,5, c3,4, c3,5, c2,7, c2,9, c2,11. In these
cases we get types: (2, 5, 6, 9), (2, 4, 5, 62, 7, 8, 9), (2, 4, 5, 63, 7, 82, 93), (2, 4, 5, 62, 7, 8, 92),
(2, 4, 5, 63, 7, 83, 92, 102), and (2, 4, 5, 63, 7, 83, 93, 102), respectively. As far as we know, there
is no (universal) affine W -algebra of these types. Except for c2,5 it also interesting to look
at c3,4 =
1
2 due to fermionic construction. In this case we get that (L⊗3c )Z3 is isomorphic to
L2(sl(2))
A4×Z2 .
We shall return to these examples in the sequel [22].
Theorem 7.2. The vertex algebra
(
L⊗3
−22/5
)S3
is of type (2, 6).
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Proof. Our approach will be to realize
(
L⊗3
−22/5
)S3
as the S2 ∼= Z2 orbifold of
(
L⊗3
−22/5
)Z3
where the automorphism permutes the vectors u1 and u2 as described in (6.5). We make
the important observation that at this central charge there is no need for “cubic” generators
such at ◦
◦
U1U1U1
◦
◦
+ ◦
◦
U2U2U2
◦
◦
, as the individual summands have been removed from the
Z3 orbifold generating set. As such, we focus on the quadratic generators by considering a
slightly different set of quadratic generators for the orbifold
(V⊗3c )Z3 than those described
in Theorem 6.1:
(7.3)
X+(a, b) = ◦
◦
(∂aU1)(∂bU2)◦
◦
+ ◦
◦
(∂aU2)(∂bU1)◦
◦
X−(a, b) = ◦
◦
(∂aU1)(∂bU2)◦
◦
− ◦
◦
(∂aU2)(∂bU1)◦
◦
.
Next in parallel with Theorem 6.1 and Theorem 7.1 this infinite list of generators for the Z3
orbifold can be replaced with those fixed under the additional Z2 action: X
+(2, 0) a which
is weight 6, as well as those sent to their negative: X−(1, 0) and X−(5, 0), of weight 5 and
9. Next we see that by taking appropriate symmetric combinations of the relations given in
the proof of Theorem 6.1 all terms in that are quadratic in
(
L⊗3
−22/5
)S3
can be using only
X+(2, 0). A priori, the S3 orbifold appears to also require generators that are of the form
◦
◦
X−(a1, a2)X
−(b1, b2)
◦
◦
however a simple calculation
◦
◦
X−(a1, a2)X
−(b1, b2)
◦
◦
= ◦
◦
X+(a1, b1)X
+(a2, b2)
◦
◦
− ◦
◦
X+(a1, b2)X
+(a2, b1)
◦
◦
+Ψ
where Ψ is a normally ordered polynomial only involving the quadratic generators X+(a, b)
and L and thus may be written with only X+(2, 0) and L finishing the proof.

8. Conformal embeddings of Vcp,q inside L⊗
n
cr,s
In this part, which is somewhat disconnected from the rest of the paper, we analyze
conformal embeddings of the form
(8.1) Vcp,q →֒ L⊗ncr,s .
Observe that on the left hand side we have a universal VOA. If we replace Vcp,q with
its simple quotient, things are quite simple and we have the following known result (see
Wakimoto’s book [27]).
Proposition 8.1. For n ≥ 2, the only conformal embeddings of Lcp,q →֒ L⊗ncr,s are: (p, q) =
(2, 3) any n, and (p, q) = (3, 10) with n = 2.
Proof. Observe that Lc2,3 is the trivial 1-dimensional vertex algebra, so the statement is
clear in this case. If there is an embedding Lcp,q →֒ L⊗ncr,s , because of rationality, L⊗ncr,s
decomposes as a (finite) sum of irreducible Lcp,q -modules. Recall the character of Lcp,q
from Section 2:
ch[Lcp,q ](τ) =
θ1,1p,q(τ)
η(τ)
.
Then asymptotically (as t→ 0+, where τ = it):
ch[Lcp,q ](τ) ∼ Ap,qe
pi
12t
− 6pi
12tpq ,
where Ap,q ∈ R. Now using
ch[L⊗ncr,s ](τ) ∼ Ae
npi
12t
− 6npi
12tpq ,
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for some non-zero constant A, and comparing the growth of characters on both sides of
Lcp,q →֒ L⊗ncr,s we obtain an equality
1− 6
pq
= n
(
1− 6
st
)
.
Easy inspection implies that the only nontrivial solution ((p, q) 6= (2, 3)) is (p, q) = (2, 5) ,
n = 2 and (r, s) = (3, 10). 
Next we consider universal embeddings Vcp,q →֒ L⊗ncr,s . This is in fact equivalent to the
following algebraic condition:
(8.2) 1− 6(p− q)
2
pq
= n
(
1− 6(r − s)
2
rs
)
.
Next, we rewrite (8.2) as
13− 6
(
t+
1
t
)
= n
(
13− 6
(
w +
1
w
))
,
where, for convenience, we introduced t = pq and w =
r
s . Solving this equation in w gives
w =
±
√
(−13nt− 6t2 + 13t− 6)2 − 144n2t2 + 13nt+ 6t2 − 13t+ 6
12nt
.
As w must be rational the expression under the radical must be a (rational) square. Thus,
we have to find all rational points on the family of quartic curves (depending on n)
u2 =
(−13nt− 6t2 + 13t− 6)2 − 144n2t2.
For fixed n, it is not difficult to see the above equation reduces to an elliptic curve. Since
we always have a rational point (coming from (p, q) = (r, s) = (2, 3); cp,q = cr,s = 0) we can
easily transform the quartic to its minimal cubic form. Next we analyze n = 2 and n = 3
discussed in the paper.
8.1. n = 2. The relevant curve is u2 = 36+156t−335t2+156t3+36t4. After a transformation
it reduces to an elliptic curve with minimal Weierstrass’ equation
Y 2 + Y X = X3 − 1141X + 44321.
Using computer program Magma we get the group of rational points Rat on this curve to be
isomorphic to
Rat ∼= Z/4Z⊕ Z
with the torsion part generated by (0, 6) (in the quartic equation) and the free part is
generated by (−6, 0) (also in the quartic). Using computer we can see that these solutions
are quickly ”huge” (large numerators and denominators). For instance, only solutions in
the range 2 ≤ p, q ≤ 1000 are (for simplicity we assume p > q so we omit (q, p) from the
list):
(p, q) = (2, 3), (3, 10), (4, 11), (13, 18), (803, 852)
and the (r, s) values are respectively
(r, s) = (2, 3), (2, 5), (11, 24), (9, 13), (584, 781)
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8.2. n = 3. The relevant curve is u2 = 9 + 78t − 137t2 + 78t3 + 9t4 and it reduces to an
elliptic curve
Y 2 + Y X = X3 − 31X + 3536.
The group of rational points Rat is again isomorphic to Z/4 ⊕ Z. The torsion subgroup
is generated by an element that corresponds to (0,−3) on the quartic curve and the free
subgroup is generated by element (13/24,−315/64), also on the quartic. Compared to n,
the solutions are much more sparse. In the range 2 ≤ p, q ≤ 10, 000 with p < q we have only
a few pairs:
(p, q) = (2, 3), (2, 23), (13, 24), (3256, 4095)
with
(r, s) = (2, 3), (9, 46), (8, 13), (5291, 7560)
Remark 8.1. It is interesting that for higher n , the rank of the group of rational points
on the elliptic curve can be bigger than 1. For instance, again using Magma it is 2 for n = 19
but for n = 23 is again 1.
We can summarize results from this section as
Proposition 8.2. Among each family of rational W -algebras (L⊗2cp,q )S2 and (L⊗3cp,q )Z3 , there
are infinitely many vertex algebras of minimal (Virasoro) central charge.
9. Future work
Here we announce a few results and directions for future investigation. In the sequel [22]
we shall prove the following result:
Theorem 9.1. Except for finitely many central charges, the permutation orbifold (V⊗3c )S3
is of type (2, 4, 62, 82, 9, 102, 11, 123, 14).
Denote by h and h∨ Coxeter and dual Coxeter number, respectively, of a simple Lie
algebra g¯. Recall [3, 27] that admissible levels for an affine Lie algebra g are given by
k = −h∨ + pp′ where p, p′ ∈ N, (p, p′) = 1 and p ≥ h∨ if (r∨, p′) = 1 and p ≥ h if
(r∨, p′) = r∨. Let
c(k) = rank(g¯)− 12(p
′ρ¯− pρ¯∨, p′ρ¯− pρ¯∨)
pp′
.
We also define non-degenerate admissible levels where in addition: p′ ≥ h if (p′, r∨) = 1
and p′ ≥ r∨h∨ if (p′, r∨) = r∨. Then the main result in [3] reads
Theorem 9.2 (Arakawa). If k is non-degenerate admissible, then the simple affine W -
algebra Wk(g¯), of central charge c(k), is rational and lisse.
The family of non-degenerate admissible central charges parametrized by coprime integers
(p, p′) are called minimal series, and the modules of the corresponding rational affine W -
algebras are called minimal models.
Consider now g¯ = g2, the exceptional simple Lie algebra of rank 2. Then r
∨ = 3, h∨ = 4
and h = 6. Observe that for p = 5 and p′ = 6 we have c(k) = − 665 and k = −4 + 56 = − 196 .
However, − 196 is not admissible and W− 196 (g2) does not belong among minimal series.
In the sequel [22], we shall prove an isomorphism
(L⊗3
−22/5)
S3 ∼=W− 19
6
(g2, fprinc),
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using explicit generators of Wk(g2, fprinc). This in particular, proves rationality and C2-
cofiniteness of an affine W -algebra outside the usual rational series. Moreover, this gives an
elegant expression for the character of the affine W -algebra (see Section 2).
We also record a related conjecture which is currently beyond our reach.
Conjecture 1. We have an isomorphism of vertex algebras
(L⊗4
−22/5)
S4 ∼=W− 49
6
(f4, fprinc).
This conjecture if motivated by some computational evidence that (L⊗4
−22/5)
S4 is of type
(2, 6, 8, 12), which is the type of the right-hand side. For the exceptional Lie algebra f4, we
have h = 12 and h∨ = 9. Again, using the above formula c(k) = − 885 for (p, p′) = (5, 6) and
k = − 496 , which does not belong to admissible series.
In another recent development, Li, one of the authors, and Wauchope [19] proved the
following result for the Heisenberg-Virasoro HVc, N = 1 and N = 2 superconformal vertex
algebras VN1c , VN2c .
Theorem 9.3. We have
(1) The orbifold (HV⊗2c )S2 is is of type (1, 22, 3, 43, 5).
(2) Generically, the S2-orbifold of (VN1c )⊗2 is of type (32 , 2, 72 , 42, 92 , 112 , 62, 132 ).
(3) Generically, the S2-orbifold of (VN2c )⊗2 is of type (1, 32
2
, 22, 52
2
, 32, 72
4
, 46, 92
4
, 52).
Jointly with Li, we are planning to study Z3 and S3-orbifolds of these vertex algebras.
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